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Using molecular dynamics (MD) we study the dependency of the contact mechanics on the sliding
speed when an elastically soft slab (block) is sliding on a rigid substrate with a sin(q0x) surface height
profile. The atoms on the block interact with the substrate atoms by Lennard-Jones potentials. We
consider contacts with and without adhesion. We found that the contact area and the friction force
are nearly velocity independent for small velocities (v < 0.25 m/s) in spite of the fact that the shear
stress in the contact area is rather non-uniform. For the case of no adhesion the friction coefficient
is very small. For the case of adhesion the friction coefficient is higher, and is mainly due to energy
dissipation at the opening crack tip, where rapid atomic snap-off events occur during sliding.
Adhesion experiments between a human finger and a clean glass plate were carried out, and for a
dry finger no macroscopic adhesion occurred. We suggest that the observed decrease in the contact
area with increasing shear force results from non-adhesive finger-glass contact mechanics, involving
large deformations of a complex layered material.
1 Introduction
The contact between an elastic ball (or cylinder) and
a flat surface is perhaps the simplest possible contact
mechanics problem, and often used in model studies of
adhesion and friction. For a stationary contact (no slip)
the adhesive interaction is well described by the Johnson-
Kendall-Roberts (JKR) theory[1] which has been tested
in great detail. The JKR theory is based on the min-
imization of the potential energy which consists of an
elastic deformation energy term U1, and a ball-substrate
binding energy term −pir2w, where r is the radius of the
circular contact region and w the energy per unit surface
area to separate two flat surfaces made from the same
materials as the ball and the substrate. In many applica-
tions contact hysteresis occurs where it during pull-off w
may be much larger than the adiabatic value w0, which
would prevail during infinitesimal small pull-off speed.
Similarly, during approach w may be much smaller than
the adiabatic value w0[2–4].
The adhesive contact between an elastic ball and a flat
surface, when the ball is exposed to a tangential force
(e.g., a sliding ball), has been studied experimentally in
great detail[5–8], but for this situation there is no good
theoretical understanding, in particular for the depen-
dency of the contact area on the sliding speed (see Ref.
[9]). Using the elastic continuum approximation, Savkoor
and Briggs[10] studied the case when the tangential force
Fx is constant, and the contact area is displace uniformly
(no slip), and found that this results in a decrease in the
area of contact. However, this model cannot explain the
dependency of the contact area on the sliding speed as ob-
served by Vorvolakos and Chaudhury for a Polydimethyl-
siloxane (PDMS) ball on a flat substrate[6]. In this case
one expect a uniform frictional stress in the area of con-
tact rather than the highly non-uniform stress which pre-
vails in the case studied by Savkoor and Briggs. The
sphere-flat contact mechanics with a uniform shear stress
was recently studied by Menga, Carbone and Dini[11],
and they found that there is no dependency of the con-
tact area on the magnitude of the shear stress. This is
consistent with the experimental data of Vorvolakos and
Chaudhury because the decrease in the contact area they
observe occurs at relative high sliding speed, and appear
to be related to some effect not included in model studies
so far (see Sec. 3.3).
This paper is organized as follows: in Sec. 2 we discuss
the present theoretical understanding, based on contin-
uum mechanics, of how the contact area between a sphere
and a flat surface depends on the normal Fz and tangen-
tial Fx applied forces. We consider both no-slip condition
for a constant tangential force Fx, and slip with a con-
stant frictional shear. In Sec. 3 we present a Molecular
Dynamic (MD) study of the contact between an elas-
tic block and a rigid cylinder-corrugated substrate. We
present results with and without adhesion, and a quali-
tative (dimension-based) discussion of the various factors
which influence the contact area. In Sec. 4 we present
experiments on adhesion between a human finger and a
glass plate, which are relevant for haptic applications[12].
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Figure 1. An elastic ball squeezed against a flat and rigid
substrate. The friction force −Fx acting on the ball at the
ball-substrate interface is equal in magnitude to the force Fx
from the rope attached to the ball. The center of mass of the
ball displaces laterally a distance u relative to the center of
mass of the ball-substrate contact area.
2 Theory
In this section we briefly review theories developed for
the variation in the contact area between an elastic ball
and a flat substrate surface when a normal and tangen-
tial force is applied to the ball. We consider both the
case when there is no slip in the contact area, and when
slip occurs but with constant shear stress. The former
case was considered in a classical study by Savkoor and
Briggs[10], while the latter case was only very recently
(correctly) studied by Menga, Carbone and Dini[11] .
Consider an elastic ball (radius R) squeezed against a
flat counter surface with the force Fz. Assume first that
there is no slip between the ball and the counter sur-
face. The substrate acts on the ball with the tangential
(friction) force −Fx. Since the total force acting on the
ball must vanish the force from a rope must equal Fx as
indicated in Fig. 1.
The total potential energy is
U = Uel − w0pir2 − Fxu− Fzs (1)
The displacements s and u are assumed to vanish before
the forces Fz and Fx are applied to the ball. We assume
that the energy Uel = U1 + U2 is the sum of the elastic
deformation energies in the ball due to the normal and
tangential forces, respectively. When Fx and Fz are con-
stant, the equilibrium configuration of the ball-substrate
contact is obtained by requiring that the potential energy
vanish to linear order in the variations of the contact ra-
dius r, and the vertical and horizontal displacement s and
u. Denoting δU = U(r + δr, s + δs, u + δu) − U(r, s, u)
we get
δ
[
Uel − w0pir2
]− Fxδu− Fzδs = 0 (2)
Since
Fxδu+ Fzδs = δW (3)
is the work done by the external force field acting on the
sphere, we can write
δ
[
Uel − w0pir2
]
= δW (4)
This equation is more general than (3) since it is also
valid when the external force field is not constant. It
states that the work done by the external forces acting
on the ball is equal to the change in the internal energy
of the system.
From the JKR theory we know that
U1 = E
∗
(
rs2 − 2
3
sr3
R
+
1
5
r5
R2
)
(5)
The lateral force Fx induces the relative displacement u
between the center of mass of the ball-substrate contact
region and the solid far away from the contact region.
We expect the displacement u to be proportional to Fx
so that ku = Fx, where k is the transverse contact stiff-
ness which depends on the radius r of the contact and
on the tangential stress distribution acting on the ball.
The stiffness k = k(r) can be calculated using the theory
of elasticity (see Appendix A). The contribution to the
elastic energy from the tangential stress distribution τ(x)
can be written as
U2 =
1
2
∫
d2x τ(x)ux(x)
where ux(x) is the lateral displacement of a point x =
(x, y) on the ball in the contact region relative to the
solid far away from the contact region. If τ(x) = τ is
constant we get
U2 =
1
2
τ
∫
d2x ux(x) =
1
2
τ(pir2u) =
1
2
uFx
and if instead ux = u is constant
U2 =
1
2
u
∫
d2x τ(x) =
1
2
uFx
Thus in both cases U2 = ku
2/2, but with different stiff-
ness k. For the constant shear stress case k = αE∗r
and for the no-slip condition k = α′E∗r where α =
(1 − ν)/(A + Bν) and α′ = (1 − ν)/(A′ + B′ν), where
ν is the Poisson ratio and where A ≈ 0.54, B ≈ −0.27,
A′ = 0.5 and B′ = −0.25 (see Appendix A). The total
elastic energy:
Uel = E
∗
(
rs2 − 2
3
r3s
R
+
1
5
r5
R2
)
+
1
2
k(r)u2 (6)
Let us now calculate the work δW . We consider two
different cases, namely the “classical” case when no slip
3occur in the contact region and Fx is constant (as ex-
pected from Coulombs friction law if the normal force Fz
is constant), and a second case where the frictional shear
stress τ at the interface is constant, where Fx = pir
2τ
change as the contact area change. This latter case is
expected to hold for smooth soft solids in sliding contact
(see below).
2.1 Constant shear force
We assume that no slip occurs in the contact area
so that δux = δu is the same everywhere in the con-
tact area, and that the tangential force Fx is constant.
This case was studied in a classical paper by Savkoor
and Briggs[10] (see also Ref. [13]). Let us consider the
work done by the external force field when we change
(r, s, u) by (δr, δs, δu). The work done is given by (3)
δW = Fxδu+ Fzδs, and since Fx is constant
δWx = Fxδu = δ(Fxu)
Using ku = Fx we get
δWx = δ(ku
2)
Substituting this in (4) gives
δ
[
U1 +
1
2
ku2 − w0pir2
]
= Fzδs+ δ(ku
2)
or
δ
[
U1 − 1
2
ku2 − w0pir2
]
= Fzδs (7)
Using that u = Fx/k we get
δ
[
U1 − F
2
x
2k
− w0pir2
]
= Fzδs (8)
Using that k = α′E∗r we get
δU1 −
[
w02pir − F
2
x
2α′E∗r2
]
δr = Fzδs
or
δU1 − 2pir
[
w0 − F
2
x
4piα′E∗r3
]
δr = Fzδs (9)
Hence in this case the tangential force results in an ef-
fective decrease in the adhesion. Using (5) and (9) we
obtain the radius r = r0 of the circular contact region
r30 =
3R
4E∗
(
2Fa + Fz + 2
[
FaFz + F
2
a −
1
2α′
F 2x
]1/2)
(10)
where Fa = 3piRw/2, which is the classical result ob-
tained by Savkoor and Briggs[10]. When Fx = 0, (10)
reduces to the standard JKR result. Note also that for
small Fx the contact radius (and the contact area) de-
pends linearly on F 2x , as expected as the contact area
must be unchanged as Fx is replaced by −Fx. A lin-
ear dependency of the contact area on F 2x has also been
observed experimentally before the onset of sliding[7].
2.2 Constant shear stress
When no slip occurs in the contact region, as assumed
above, the shear stress will be highly non-uniform with
singularities at the edges of the contact region. In Ref. [9]
it was assumed that the derivation in Sec. 2.1 is valid also
when the shear stress is uniform in the contact region, but
with the stiffness k(r) calculated assuming an uniform
shear stress rather then uniform displacement. However,
the derivation in Sec. 2.1 is equivalent to the minimiza-
tion of the total energy assuming a constant shear force
Fx. This approach is no longer valid when the shear stress
is constant since the shear force Fx = τA now depends
on the contact area A = pir2, which will vary when the
contact radius r varies (B. Persson thank M. Ciavarella
for pointing this out). Still the change in the internal
energy (elastic energy + interfacial binding energy) U1
must equal the work done by the external forces acting
on the solid, and this condition was used by Menga, Car-
bone and Dini[11] to obtain the correct equation for the
dependency of the contact area on the shear force (see
also [14]).
When we change the radius of the contact area with δr
the work by the shear force will have two contributions,
namely one from the shear stress in the area δA (annular
segment between r and r+ δr) and one from the original
area A:
δWx = τ
∫
δA
d2x δux(x) + τ
∫
A
d2x δux(x) (11)
where we have used that τ is constant. Here ux(x) is the
lateral displacement of a material point on the surface
relative to the solid far away from the contact region.
Since ux(x) is of order δr in the area δA the first integral
in (11) is of order (δr)2 and can be neglected. Thus, to
linear order in δr
δWx/τ =
∫
A
d2x δux(x)
= δ
∫
A
d2x ux(x)− 2pirδru¯x
= δ(pir2u)− 2pirδru¯x (12)
where
u¯x =
1
2pi
∫ 2pi
0
dφ ux(rcosφ, rsinφ) (13)
Using that kxu¯x = Fx and ku = Fx with k = αrE
∗ and
kx = βrE
∗, where α and β only depend on the Poisson
ratio ν (see Appendix A) we get with Fx = pir
2τ that u =
4x
z
xmin xmax
(a)   p = 0.1 MPa
(b)   p = 1 MPa
Figure 2. The contact area between an elastic slab (block)
and a rigid substrate at the temperature T = 0 K. We use pe-
riodic boundary conditions in the xy-plane with Lx = 254 A˚
and Ly = 14 A˚, and the block thickness Lz ≈ 276 A˚ (see
also main text).The substrate is corrugated with the height
coordinate z = h0sin(q0x) (h0 = 100 A˚ and q0 = pi/Lx). We
show results (a) with adhesion for the nominal contact pres-
sure p = Fz/(LxLy) = 0.1 MPa, and (b) without adhesion for
p = 1 MPa.
pirτ/(αE∗) and ux = pirτ/(βE∗). Using these equations
in (11) gives
δWx = δ
(
pi2r3τ2
αE∗
)
− 2pi
2r2τ2δr
βE∗
= δ
(
pi2r3τ2
αE∗
)
− δ
(
2pi2r3τ2
3βE∗
)
= δ
(
pi2r3τ2
αE∗
)(
1− 2α
3β
)
= δ
(
ku2
)(
1− 2α
3β
)
(14)
Using that (see Appendix A) 4α = 3β we get
δWx = δ
(
1
2
ku2
)
Using (4) and (14) gives
δ
[
Uel − w0pir2
]
= Fzδs+ δ
(
1
2
ku2
)
or
δ
[
U1 − w0pir2
]
= Fzδs
i.e. the contact area when the shear stress is constant is
independent on the shear stress.
3. Molecular dynamics simulations
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Figure 3. The friction coefficient as a function of displace-
ment distance for elastic slab with 13 + 7 = 20, 23 + 7 = 30
and 33 + 7 = 40 layers.
(a)  T = 0 K,  p = 0.1 MPa
(b)  T = 20 K,  p = 0.1 MPa
Figure 4. The contact with adhesion for the nominal contact
pressure p = 0.1 MPa. (a) at the temperature T = 0 K
and (b) for T = 20 K. The contact detach at the higher
temperature because this result in an increase in the entropy
and a decrease in the system free energy F = U − TS.
The two models considered above are very idealized,
and in this section we consider a more detailed model.
We find that the contact area is velocity independent
for small enough sliding speeds. We conclude that the
velocity dependent contact area observed in Ref. [6]
and [15] must result from additional effects not included
in the models studied here, e.g., bulk viscoelasticity, or
“slow” (thermally activated) time-dependent relaxation
processes at the contacting interface, or mechanical non-
linearity (see Sec. 3.3).
3.1 Model
Here we present a molecular dynamics (MD) study of
the contact between an elastic slab or block (thickness
5d) with a flat surface squeezed against a rigid substrate
with cylinder corrugation (for a related study for poly-
mer coated cylinders, see Ref. [16]). We consider both
contact with and without adhesion. In MD simulations
only small system sizes are possible with linear dimension
of order 10 − 100 nm. For the case of no adhesion and
stationary contact this is not a major limitation since in
elastic continuum mechanics there is no intrinsic lateral
length scale, and the elastic deformation field scales as
Lp/E where L is the linear size of the system, and p/E
is the only dimension less quantity in the problem. Here
E is the Young’s modulus and p = Fz/L
2, where Fz is
the force squeezing the solids together. Thus the results
of the MD simulations can be re-scaled to correspond to
any system size. We note, however, that the friction law
acting at the interface between the solids depends on the
interaction potential between the atoms in the MD sim-
ulations, but a similar problem occurs in the (numerical)
treatment of the macroscopic system where the result de-
pends on the “force law” acting between the grid points
at the contact interface.
For adhesive contact the system size has a crucial in-
fluence on the contact mechanics. The reason is that
for adhesive contact an intrinsic quantity of dimension
length exists, namely γ/E, where γ is the interfacial bind-
ing energy (or adiabatic work of adhesion w0 = γ). For
soft elastic solids like rubber typically E ≈ 1 MPa and
γ ≈ 0.1 J/m2 giving γ/E ≈ 100 nm. If the contact re-
gion between two solids is circular-like with the linear
dimension D, then the surface energy scales with D like
Uad ∼ D2γ and the elastic deformation energy scales as
Uel ∼ ED3. The ratio Uad/Uel ∼ γ/(ED) decreases as
the system size increases. Thus adhesion manifests it-
self much stronger at short (say nanometer) length scale
than at the macroscopic length scale. Thus, to describe
contact mechanics for macroscopic systems in an approx-
imate way using MD calculations one need to use either
a smaller interfacial binding energy or a larger elastic
modulus in the MD simulations than what prevails in
the macroscopic system. In the contact mechanics study
below the elastic modulus of the block is only 10 MPa
(typical for rubber materials) and we use a very small
work of adhesion, w0 ≈ 0.0027 J/m2, in order to have
partial contact between the solids rather than complete
contact which would prevail for, say, w0 = 0.1 J/m
2.
We consider the contact between an elastic slab and a
rigid substrate with the cylinder corrugation (see Fig. 2)
z = h0sin(q0x)
where q0 = pi/Lx and 0 < x < Lx. We assume periodic
boundary conditions in the xy plane with the basic unit
having the dimensions Lx = 254 A˚ and Ly = 14 A˚. In or-
der for the contact mechanics not to depend on the block
thickness one must choose the block thickness larger than
the diameter of the block-substrate contact region. In
the present study the block thickness is d ≈ 276 A˚ unless
otherwise stated.
The block is described using the smart-block descrip-
tion described in an earlier publication[17]. In most of
the calculations we use at the interface 13 layers of atoms
with the same lattice spacing as in the first layer of block
atoms in contact with the substrate. Above this we use
a course-grained description where in each step (total 7
steps) we double the lattice spacing in the x and z di-
rections (but keep it unchanged in the y direction) and
increases the mass of the effective atoms by a factor of 4 in
each step so the mass density is unchanged. The springs
between the effective atoms have elongation and bending
stiffness chosen to reproduce the Young’s modulus and
shear modulus G specified as input for the calculations.
The total thickness of the block is d ≈ 276 A˚ in most of
the simulations. However, we also did some test calcu-
lations where we increased the number of atomic layers
with the same lattice spacing as the first layer. Thus,
instead on 13+7=20 layers, we also used 23+7=30 and
33+7=40 layers.
We note that for static contact the smart block descrip-
tion gives basically the same result as an exact calcula-
tion where the lattice constant is everywhere the same
as at the surface (and assuming the same thickness of
the block). However, during sliding lattice vibrations
(phonons) are emitted from the contact region, and for
a finite system without internal damping the block will
heat up, and after long enough sliding distance the ther-
mal fluctuations will influence the contact mechanics and
the friction force. Now, short wavelength phonon’s can-
not propagate deep into the smart block but will be re-
flected when the phonon wavelength become similar to
the effective smart block lattice spacing. For this reason
it is important to treat exactly a relative thick layer of
atoms at the sliding interface, i.e., to use the true lat-
tice spacing in this layer. The thicker this layer is the
smaller influence will the thermal fluctuations, resulting
from emitted phonon’s, have on the contact mechanics.
In the present calculation we include a Langevin type
of damping force (proportional to the atom relative veloc-
ity) in the equation of motion for the block atoms during
the initial contact formation (no sliding). After we have
obtained the initial contact state (at zero temperature)
we remove the damping term and consider so short slid-
ing distances that frictional heating is negligible.
Fig. 2 shows the contact between the elastic slab
(block) and the rigid substrate at the temperature T =
0 K before start of sliding. We only show the first layer
of atoms of the block and the substrate at the interface.
The substrate and the block have Nx = 206 and 128
atoms along a row in the x-direction, and Ny = 11 and
7 atoms in the y-direction, respectively. The substrate
and block lattice constants as = Lx/Nx ≈ 1.233 A˚ and
ab ≈ 1.984 A˚, respectively. The ratio ab/as ≈ 1.609 is
close to the golden mean 1.618 so the contact is “almost”
incommensurate. The elastic slab has the Young’s mod-
ulus E = 10 MPa and the shear modulus G = 3.33 MPa,
corresponding to the Poisson ratio ν ≈ 0.5.
The atoms at the interface between the block and the
6substrate interact via the Lennard-Jones (LJ) interaction
potential:
V (r) = 4V0
[(r0
r
)12
− α
(r0
r
)6]
,
where V0 = 0.04 eV. For the case of adhesion we use
α = 1 and r0 = 3.28 A˚. For the case of no adhesion we use
α = 0 and r0 = 0.94 A˚. This LJ potential for α = 1 gives
the adiabatic work of adhesion w0 = γ ≈ 0.0027 J/m2.
For the case of no adhesion we used the rather small
r0 = 0.94 A˚ so that the block atoms approach the sub-
strate close enough that they feel the corrugated atomic
potential; only in this case the sliding friction force is
large enough that it can be detected in the MD simula-
tions. Thus, when α = 0 using the same r0 = 3.28 A˚
as used in the case of adhesion, result in a “superlubric”
sliding state with vanishing friction.
In Fig. 2 we show results pictures of the contact after
squeezing the solids into contact (no sliding), with (a) ad-
hesion for the nominal contact pressure p = Fz/(LxLy) =
0.1 MPa, and (b) without adhesion for p = 1 MPa. We
define xmax > 0 and xmin < 0 as the positions of the
leading and receding edge of the contact area, respec-
tively, defined as the x-coordinate where the interfacial
separation is equal to 1.2 times the surface separation at
x = 0. For the case of adhesion, during sliding we can
interpret xmax and xmin as the positions of opening and
closing cracks, respectively.
Fig. 3 shows the friction coefficient as a function of dis-
placement distance vt (with v = 0.1 m/s) for the elastic
slab with 13 + 7 = 20, 23 + 7 = 30 and 33 + 7 = 40
layers. The calculation includes adhesion. Note that the
static or breakloose friction coefficient is ≈ 0.8 in all three
cases, and that the slope of the µ-distance curve decreases
slightly with increasing block thickness as expected from
the relation Fx = Gu/d, where Fx is the shear force and
u/d the shear strain. The step-like changes observed dur-
ing loading in the µ-distance curve reflect atomic slip
processes at the interface where the whole contact region
moves slightly so that the contact becomes asymmetric
xmax > |xmin|. Note also that before the onset of macro-
scopic slip, the µ-distance curves exhibit very small noise,
while during sliding the noise is much larger and increases
with increasing sliding distance. This is due to the elastic
waves (phonons) emitted from the sliding contact which
are reflected somewhere in the smartblock region depend-
ing on the phonon wavelength; these phonons perturb the
motion of the surface atoms in the contact region and
generate strong fluctuations in the kinetic friction force.
The noise in the friction force decreases as the slab thick-
ness increases by adding 10 and 20 atomic layers to the
block thickness; this result from the reduced number-
density of phonons as the block thickness increases.
Fig. 4 shows the contact with adhesion at the temper-
ature T = 0 K (a) and for T = 20 K (b). The contact
detaches at the higher temperature because this results
in an increase in the disorder (entropy) and a decrease
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Figure 5. The friction coefficient µ = Fx/Fz as a function of
the logarithm of the sliding speed for contact with adhesion
(red curve) and without adhesion (green curve).
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Figure 6. The interfacial separation (including adhesion) as
a function of the lateral coordinate x for stationary contact
(v = 0) (red curve) and for sliding contact v = 0.05 m/s
(green). Note that the for sliding contact the contact becomes
slightly asymmetric (as also shown in Fig. 8).
in the system free energy F = U − TS. This occur al-
ready for T = 20 K because of the low interfacial binding
energy γ. This is very similar to the thermal unbinding
of membranes[18] or structural phase transitions in ad-
sorbate layers driven by the difference in the vibrational
entropy between different binding sites[19]. See also Ref.
[20].
3.2 Results
Fig. 5 shows the kinetic friction coefficient µ = Fx/Fz
as a function of the logarithm of the sliding speed for
contact with adhesion (red curve) and without adhesion
(green curve). The friction coefficients were obtained af-
ter sliding 3 nm at the given sliding speeds. The nominal
contact pressure acting on the upper surface of the block
is p = 0.1 MPa with adhesion, and 1.0 MPa without
adhesion. Note that with adhesion the friction coeffi-
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Figure 7. The interfacial separation (without adhesion) as
a function of the lateral coordinate x for stationary contact
(v = 0) (red curve) and for sliding contact v = 0.05 m/s
(green). At this low sliding speed the friction force is very
small Fx/Fz ≈ 0.01 and there is no asymmetry in the contact
within the noise.
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Figure 8. The contact area asymmetry factor xmax/|xmin|
as a function of the logarithm of the sliding speed with (red)
and without (green) adhesion.
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Figure 9. The geometrical width wx = xmax − xmin of
the contact area as a function of the logarithm of the sliding
speed.
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Figure 10. The atom-number width wn = Nbab of the con-
tact area as a function of the logarithm of the sliding speed.
Here Nb is the number of block atoms in contact with the
substrate.
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Figure 11. (a) The perpendicular stress σ = σzz and (b) the
tangential stress τ = σxz acting on the block as a function of
the spatial coordinate x. For the case of adhesion with the
nominal contact pressure p = 0.1 MPa and the sliding speed
v = 0.1 m/s. Note that the stress at the opening crack is
larger than at the closing crack which is due to lattice pinning
effects (see text).
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Figure 12. (a) The perpendicular stress σ = σzz and (b) the
tangential stress τ = σxz acting on the block as a function of
the spatial coordinate x. For the case of no adhesion with the
nominal contact pressure p = 1 MPa and the sliding speed
v = 0.1 m/s.
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Figure 13. The stresses σ∗ and τ∗ normal and tangential to
the substrate profile can be related to the stresses σ = σzz and
τ = σxz via σ
∗ = σcosθ−τsinθ and τ∗ = σsinθ+τcosθ, where
tanθ = z′(x) = q0h0cos(q0x) is the slope of the substrate
profile.
cient is nearly velocity independent and equal to ≈ 0.6.
This corresponds to an average frictional shear stress
τ ≈ µpA0/A ≈ 0.15 MPa, which accidentally is very
close to the shear stress when PDMS spheres is sliding
on smooth glass surfaces. The nearly velocity indepen-
dence of the friction force is due to the fact that the fric-
tion is caused by rapid slip events, where the local slip
velocity is unrelated to the driving speed. The local slip
events are easily observed at the opening crack tip where
atoms jump (snap) out of contact in very rapid events
followed by “long” time periods where the tip is pinned
by the corrugated interfacial atomic interaction potential
(see movie online in Ref. [21]). During the rapid snap
out of contact elastic waves (phonons) are emitted from
the opening crack tip and this is the main origin of the
friction force for the case of adhesion[22, 23]. This ef-
fect is closely related to lattice trapping, the velocity gap
and hysteresis effects observed in model studies of crack
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Figure 14. The normal stress σ∗ (red line) and the shear
stress τ∗ (blue) acting on the block as a function of the spatial
coordinate x. (a) Only squeezing and (b) after sliding 3 nm at
the sliding speed v = 0.1 m/s. The nominal contact pressure
p = 0.1 MPa.
propagation in solids[24–28]
For the case of no adhesion the friction coefficient in-
creases for sliding speed above ∼ 1 m/s. We expect this
also for the case of adhesion at higher sliding speeds be-
cause it is well known from the theory of cracks that when
the crack tip approach the velocity of elastic wave prop-
agation in the solids (more exactly, the Rayleigh sound
speed), the energy needed to propagate the opening crack
diverges[29]. In the present case the sound velocities in
the block is of order 100 m/s, so on approaching this ve-
locity we expect the friction force to increase drastically.
The emission of sound waves from the opening crack
result in a crack propagation energy which is larger than
the adiabatic value. For the closing crack no such rapid
events are expected to occur and the closing crack prop-
agation energy is smaller than the opening crack prop-
agation energy. This result in an asymmetric contact
where xmax > |xmin|. This asymmetry is easily observed
in pictures of the interfacial separation as a function of
the lateral coordinate x, where x = 0 is at the top of the
substrate cylinder asperity. This is shown in Fig. 6 which
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Figure 15. The contact pressure σ (in MPa scaled by a
factor 0.1) and the cumulative normalized (negative) friction
coefficient −µ(x) = Fx(x)/Fz, as a function of the position
x. Here Fx(x1) is the force acting on the sliding block from
the substrate including only the tangetial stress in the region
0 < x < x1. The results are without adhesion after squeezing
the solids into contact but no lateral sliding.
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Figure 16. The contact pressure σ (in MPa scaled by a
factor 0.1) and the cumulative normalized (negative) friction
coefficient −µ(x) = Fx(x)/Fz as a function of the position x.
Here Fx(x1) is the force acting on the sliding block from the
substrate including only the tangential stress in the region
0 < x < x1. The results are without adhesion after 6 nm
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shows the interfacial separation (including adhesion) as a
function of the lateral coordinate x for stationary contact
(v = 0) (red curve) and for sliding contact v = 0.05 m/s
(green). Note that the for sliding contact the contact
becomes slightly asymmetric (as also shown in Fig. 8).
In the case of no adhesion we observe negligible contact
asymmetry in the studied velocity interval. This is illus-
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Figure 17. The contact pressure σ (in MPa scaled by a
factor 0.1) and the cumulative normalized (negative) friction
coefficient −µ(x) = Fx(x)/Fz as a function of the position x.
Here Fx(x1) is the force acting on the sliding block from the
substrate including only the tangential stress in the region
0 < x < x1. The results are with adhesion after squeezing
the solids into contact but no lateral sliding.
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Figure 18. The contact pressure σ (in MPa scaled by a
factor 0.1) and the cumulative normalized (negative) friction
coefficient −µ(x) = Fx(x)/Fz as a function of the position x.
Here Fx(x1) is the force acting on the sliding block from the
substrate including only the tangential stress in the region
0 < x < x1. The results are with adhesion after 3 nm lateral
sliding.
trated in Fig. 7 which shows the interfacial separation
(without adhesion) as a function of the lateral coordi-
nate x for stationary contact (v = 0) (red curve) and for
sliding contact v = 0.05 m/s (green). At this low sliding
speed the friction force is very small Fx/Fz ≈ 0.01 and
there is no asymmetry in the contact within the noise
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level. At very high sliding speed v > 10 m/s the friction
force is larger Fx/Fz > 0.1, and the asymmetry is nega-
tive i.e. opposite to the case of adhesion (not shown).
Fig. 8 shows the contact area asymmetry factor
xmax/|xmin| as a function of the logarithm of the sliding
speed with (red) and without (green) adhesion. We have
chosen x = 0 at the top of the substrate asperity, and
xmax > 0 and xmin < 0 are the positions of the leading
edge and receding edge of the contact area, respectively,
defined as the x-coordinate where the interfacial separa-
tion is equal to 1.2 times the surface separation at x = 0.
For the case of adhesion (red line) we can interpret xmax
and xmin as the positions of the opening and closing crack
edges, respectively.
We now study the dependency of the contact area on
the sliding speed. There are two ways to define the con-
tact area. Thus, Fig. 9 shows the geometrical width (pro-
jected contact width) wx = xmax − xmin as a function of
the logarithm of the sliding speed, while Fig. 10 shows
what we denote as the atom-number width wn = Nbab.
Here Nb is the number of block atoms (in one row along
the x-axis) in contact with the substrate, where an atom
is defined to be in contact with the substrate when the
surface separation is smaller than 1.2 times the surface
separation for x = 0. Note that the contact area dur-
ing sliding at low sliding speed is nearly the same as for
v = 0. At sliding speeds v > 0.25 m/s the contact area
with adhesion decreases and the contact area without
adhesion increases.
Note that the contact atom-number width is larger
than the geometrical width. This is due to the fact that
the binding energy between block and substrate atoms
tend to accumulate atoms in the contact region. This
costs some additional elastic energy but is compensated
by the increased binding energy.
For the contact between a macroscopic rubber ball and
a smooth glass surface experiments have shown that the
shear stress during slip is uniform. The origin of this
is due to the following effect: When a rubber ball with
smooth surface is squeezed against a flat surface, the con-
tact pressure p will usually be of order the rubber Young’s
modulus E or less, i.e., of order 1 MPa or less. This con-
tact pressure is much smaller than the adhesive pressure
pad which is of order w0/d, where w0 is the work of ad-
hesion and d an atomic distance. Using w0 = 0.1 J/m
2
and d = 1 nm we get p ≈ 100 MPa. As long as p << pad
we expect the frictional shear stress in the area of real
contact to be independent of the contact pressure, i.e.,
only a function of the sliding speed. This is in agreement
with experiments[5] and computer simulations[30].
However, in our simulations we observe a non-uniform
shear stress. This is due to the fact that we use a very
small work of adhesion w = 0.0027 J/m2, so that w0/d ≈
2 MPa while the contact pressure reaches ≈ 10 MPa at
the opening and closing crack tips (see Fig. 11). In addi-
tion, inside the contact the atomic positions of the block
are nearly incommensurate with respect to the substrate
atoms so the main frictional interactions occur at the
opening and closing crack tips. This differs from the case
of rubber on a glass surface where the rubber chains at
the interface rearrange themselves in the substrate po-
tential and pin the surfaces together. During sliding
nanometer sized pinned regions undergo stick-slip type
of motion, resulting in a frictional shear stress which is
nearly uniform in the contact region.
To illustrate the non-uniform nature of the stress at the
interface, in Fig. 11 we show (a) the perpendicular stress
σ = σzz and (b) the tangential stress τ = σxz acting on
the block as a function of the spatial coordinate x, for
the case of adhesion with the nominal contact pressure
p = 0.1 MPa, and the sliding speed v = 0.1 m/s. Note
that the stress is JKR-like but the stress at the opening
crack is larger than at the closing crack which is due to
the lattice pinning effects discussed above.
For the contact without adhesion, in Fig. 12 we show
the perpendicular stress σ = σzz and the tangential stress
τ = σxz acting on the substrate as a function of the
spatial coordinate x. In this case the nominal contact
pressure p = 1 MPa and the sliding speed v = 0.1 m/s.
Note that the perpendicular pressure is Hertz-like and
the tangential stress highly non-uniform.
The stress σ = σzz in Fig. 11(a) and τ = σxz in
Fig. 11(b) are the stresses along the z and x-axis, i.e.,
not the stress σ∗ normal and τ∗ tangential to the (rigid)
substrate profile. However, the latter stresses can be eas-
ily obtained from linear combination of σ and τ (see
Fig. 13): σ∗ = σcosθ − τsinθ and τ∗ = σsinθ + τcosθ,
where tanθ = z′(x) = q0h0cos(q0x) is the slope of the
substrate profile.
For the case of adhesion, the stresses σ∗ and τ∗ acting
on the block are shown in Fig. 14 as a function of the
spatial coordinate x. The nominal contact pressure p =
0.1 MPa and the sliding speed v = 0.1 m/s. We show
results (a) after squeezing the solids into contact (zero
sliding distance), and (b) after sliding 3 nm. In (b) the
average frictional shear stress is only ≈ 0.15 MPa, but the
local shear stress is much larger and takes both positive
and negative values.
Fig. 15 shows the contact pressure σ (in MPa scaled
by a factor 0.1) and the cumulative normalized (nega-
tive) friction coefficient −µ(x) = Fx(x)/Fz, as a function
of the position x. Here Fx(x1) is the force acting on
the sliding block from the substrate including only the
tangential stress in the region 0 < x < x1. The results
are without adhesion after squeezing the solids into con-
tact but no lateral sliding. Fig. 16 shows similar results
without adhesion after 6 nm lateral sliding.
Fig. 17 and Fig. 18 shows results with adhesion after
squeezing the solids into contact but no lateral sliding,
and after 3 nm lateral sliding, respectively. Note that
only close to the opening crack tip does the cumulative
Fx(x)/Fz become negative, i.e., the frictional shear force
is entirely due to processes occurring close to the opening
crack tip.
3.3 Discussion
The most important results of the study above are that
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stretches detaches, relaxes reattaches
Figure 19. The classical description of a polymer chain
at the rubber-block counter surface interface. During lat-
eral motion of the rubber block the chain stretches, detaches,
relaxes, and reattaches to the surface to repeat the cycle.
The picture is schematic and in reality no detachment in
the vertical direction is expected, but only a rearrangement
of molecule segments (in nanometer-sized domains) parallel
to the surface from pinned (commensurate-like) to depinned
(incommensurate-like) domains.
the contact area and the friction force are nearly veloc-
ity independent for small velocities (v < 0.25 m/s) in
spite of the fact that the shear stress in the contact area
is rather non-uniform. For the case of no adhesion the
friction force is very small because the contribution to
the friction force from the surface area where the shear
stress is negative is almost completely compensated by
the contribution from the area where the shear stress is
positive. For the case of adhesion the friction force is
higher, and is mainly due to energy dissipation at the
opening crack tip, where rapid atomic snap-off events
occur during sliding. This “edge-dominated friction” is
very different from the frictional processes expected when
a macroscopic rubber sphere is sliding on a substrate. In
the latter case one expects an “area-dominated friction”
where the shear stress is uniform within the contact area.
In this case the friction force arises from stick-slip type
of motion of nanometer-sized regions everywhere within
the contact region (see Fig. 19)[31, 32].
The results presented above are consistent with a very
simple dimensional analysis. Let us consider an elastic
sphere of radius R squeezed against a flat rigid surface.
Let us first consider the case of no adhesion and zero
temperature. In that case there are only the following
quantities in the problem: Elastic modulus E, block mass
density ρ, lattice constant a, radius of curvature R of the
sphere, pressure p = Fz/R
2 (where Fz is the applied nor-
mal force), and the sliding speed v. From these quantities
we can construct the following dimensionless quantities:
p/E, v/c (where c = (E/ρ)1/2 is the sound velocity) and
a/R. We assume a/R << 1 so only the a/R → 0 limit
interest us, and a/R drop out from the analysis. In this
case the contact area can be written as
A = R2f(p/E, v/c).
The friction coefficient is also a function of only p/E and
v/c. For small enough v/c we can expand the contact
area A to leasing order in v/c to get
A ≈ R2f(p/E, 0)
[
1 + g(p/E)
(v
c
)2]
where we have used that the contact area cannot change
when the velocity v = vx change sign. For a given normal
force p/E is a fixed number, and for rubber-materials
p/E is typically of order 0.1− 1. If p/E is of order unity
we expect the function g(p/E) to be of order unity and
in this case for v/c << 1 the contact area has a negligible
dependency on the sliding speed.
When adhesion is included a new dimensional less pa-
rameter occur, namely γ/(ER) and A will depend on
this quantity, but the velocity dependency will still en-
ter via the dimensionless parameter v/c. If v/c is small
enough we can still expand the contact area A to leading
order in v/c, but now the function g(p/E) is replaced by
g(p/E, γ/(ER)). If both p/E and γ/(ER) are of order
unity we conclude again that for v/c << 1 the contact
area has a negligible dependency on the sliding speed.
However, if γ/(ER) << 1 then the expansion to leading
order in v/c will hold only if g(p/E, γ/(ER))(v/c)2 << 1.
But if γ/(ER) << 1 and p/E is of order unity adhesion
is not very important for the contact area, so in a typ-
ical case we conclude that if p/E is of order unity, if
v/c << 1 the contact area has a negligible dependency
on the sliding speed also when adhesion occur.
At non-zero temperatures one more dimensionless pa-
rameter enters in the expression for the contact area,
namely kBT/(ER
3). For macroscopic systems this quan-
tity is extremely small. Thus if E ≈ 10 MPa and R =
1 cm we get at room temperature kBT/(ER
3) ≈ 10−21.
In this case it is no longer possible to assume a/R = 0,
but we need to include the lattice constant a in the anal-
ysis. The parameter [kBT/(ER
3)][(R/a)3] = kBT/(Ea
3)
is typically of order unity, e.g., using E = 10 MPa and
a = 1 nm gives at room temperature kBT/(Ea
3) ≈ 0.4.
Hence if p/E and γ/(ER) are of order unity we expect
a velocity independent contact area for v/c << 1, even
when the temperature is nonzero. Note, however, that
when thermal effects are included slow creep motion will
occur when the lateral driving force is small, and the fric-
tion force will vanish linearly with the sliding speed as
v → 0.
The adhesion and temperature parameters introduced
above may not be the physically most relevant parame-
ters. Thus, when adhesion is included we expect ther-
mal effects to be important for breaking the bonds at
the crack tip so a more physical motivated dimension
less temperature parameter is [kBT/(Ea
3)][γ/(ER)]−1 =
kBTR/(γa
3). Similarly, from the JKR theory we ex-
pect the contact area to depend on the parameter
[γ/(ER)][E/p] = γ/(pR).
The situation discussed above changes completely if
some new energy dissipation or relaxation process occurs
in the problem. For example, for rubber-like materials
a wide distribution of chain relaxation times enter into
the problem. In the simplest case (but not realistic for
rubber materials) a single relaxation time t∗ enter as in,
e.g., the Maxwell or Kelvin-Voigt rheology models. In
this case a new “velocity” v∗ = a/t∗ can be formed and
µ and A will depend on v/v∗ in addition to the dimension
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less quantities mentioned above. Since v∗ may be much
smaller than the sound velocity c, a dependency of µ and
A on the sliding speed may occur already at low sliding
speeds.
We note that the binding interaction of the rubber
polymer segments to the substrate may introduce an-
other relaxation time. Thus, the polymer segments at the
rubber surface need some time t′ to adjust to the corru-
gated substrate potential, to bind as strongly as possible
to the substrate after each local slip event. This defines
the velocity v′ = b/t′, where b is an atomic distance, e.g.,
the substrate lattice constant or the length of a polymer
segment (bed unit). At the sliding speed v ≈ v′ the
adhesive contribution to the friction will be maximal.
Rubber friction studies have shown that typically v′ =
0.001− 0.1 m/s. Thus v′ ≈ 0.001− 0.01 m/s for styrene-
butadiene compounds sliding on different surfaces (which
probably are contaminated by molecules from the rub-
ber compound itself)[33], and v′ ≈ 0.01 − 0.1 m/s has
been observed for PDMS sliding on passivated glass
surfaces[6]. The slightly larger velocity v′ for the PDMS-
glass system could result from the inert nature of the
PDMS molecules and the passivated glass surfaces used
in the experiments; this result in a high PDMS chain
mobility, and to low energy barriers for chain rearrange-
ments, and to short relaxation time t′.
We believe that t′-relaxation processes, associated with
chain rearrangements in the substrate potential field,
may be the origin of the velocity dependency of the con-
tact area observed by Vorvolakos and Chaudhury[6] when
sliding PDMS spheres on glass surfaces. However, one
counter argument is that the transition of a (nanometer-
sized) rubber patch from the bound commensurate-like
state, to an incommensurate-like configurations, which
can easily slip before the next attachment, may involve
only a small increase in the local surface separation.
Since the surface separation is only slightly increased, the
rubber-substrate binding energy is only slightly reduced
(but the lateral barrier for sliding strongly reduced) in
the incommensurate state[32]. However, in the detached
state thermal fluctuations may result in an entropic re-
pulsion like observed in Fig. 4, which could result in
a larger average surface separation then otherwise ex-
pected, and to a negligible adhesion energy in the de-
tached state. In fact, the elastic energy stored in the
elongated contact region just before detachment may be
converted into local heating of the rubber which may fa-
vor the detached entropic repulsive state. As the local
temperature decreases due to heat diffusion, the repul-
sive entropic effect disappears and the rubber patch re-
turn to a pinned, commensurate-like state. This could
explain the decrease in the contact area with increasing
sliding speed observed by Vorvolakos and Chaudhury.
4. Finger-glass adhesion experiments
Several recent experimental studies have shown that
when a tangential force is applied to a human finger
squeezed against a flat glass surface, the glass-finger nom-
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Figure 20. The interaction force between a human finger and
a dry glass plate cleaned by acetone and isopropanol. Case (a)
(red curve) is for a not cleaned finger, (b) (green curve) for a
finger cleaned with soap water and (c) (blue curve) for a clean
wet finger. In case (a) and (b) no (macroscopic) adhesion is
observed, while in case (c) do we observe adhesion with a
pull-off force Fpull−off ≈ 5.5 mN.
inal contact area decreases[7, 34]. This has been tenta-
tively explained using the adhesion theory described in
Sec. 2.1 (see Ref. [35]). However, we have performed
adhesion experiments for a finger in contact with a glass
plate, and for a dry finger we do not observe any macro-
scopic adhesion so the explanation proposed in Ref. [35]
cannot explain the observed decrease in the contact area
with increasing tangential force.
Fig. 20 shows the interaction force between a human
finger and a dry glass plate cleaned by acetone and iso-
propanol. Case (a) (red curve) is for a not cleaned fin-
ger, (b) (green curve) for a finger cleaned with soap wa-
ter and (c) (blue curve) for a clean wet finger. In case
(a) and (b) no (macroscopic) adhesion is observed, while
in case (c) do we observe adhesion with a pull-off force
Fpull−off ≈ 5.5 mN. This is similar to what is expected if
a capillary bridge is formed between the glass surface and
the finger. Thus for a thick water film Fpull−off ≈ 4piRγ,
where the water surface tension γ ≈ 0.07 J/m2 and R is
the radius of curvature of the finger. If we use R ≈ 0.7 cm
we obtain the observed pull-off force. However, the pull-
off force depends on the volume of water on the finger
and if the water volume is too small (less then ∼ 1 mm3)
no adhesion is observed which we interpret as resulting
from the skin surface roughness and the elastic rebound
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of the deformed skin.
In our MD simulations without adhesion for the con-
tact of an elastic slab with a rigid corrugated substrate
we observed a small increase in the contact area with in-
creasing sliding speed corresponding to increasing lateral
force. Thus the contact area increased by about 10% as
the friction coefficient increased from ≈ 0.01 to ≈ 0.1.
We believe that the reduction in the contact area ob-
served for the human finger with increasing lateral force
is due to the complex inhomogeneous (layered) nature
of the finger and to the large deformations involved.
It is also possible that the superposition of the normal
and parallel deformation fields assumed in most analytic
treatments is not accurate enough when the parallel de-
formations becomes large and coupling effects becomes
important. This conclusion is supported by finite ele-
ment calculations performed by Mergel et al[36] (see also
[37] and [38]), which shows that even without adhesion
there is a the reduction in the contact area between an
elastic cylinder and a flat surface as a tangential force is
applied to the cylinder.
5 Summary and conclusion
We have used molecular dynamics to study the contact
between an elastic slab with a flat surface and a rigid,
cylinder corrugated substrate. We have considered cases
with and without adhesion. The most important results
are:
(1) For low sliding speeds the contact width is found to
be nearly velocity independent, while for high speeds it
decreases when adhesion is included, and increases with-
out adhesion.
(2) When adhesion is included the contact is asymmet-
ric, extending further on the opening crack side then on
the closing crack side. We attribute this to lattice pin-
ning: on the opening crack side the crack tip perform
stick-slip motion, where atoms snap out of contact in
rapid events, followed by time periods where the crack tip
is pinned. In the rapid slip events elastic waves (phonons)
are emitted from the crack tip resulting in a larger crack
propagation energy then the adiabatic value.
(3) Adhesion experiments between a human finger and
a flat smooth glass surface were carried out. We found
that there was no macroscopic adhesion between these
contacting pairs in the dry state. Based on this result,
we suggest that the decrease in the contact area as re-
ported in literature [7, 8, 34] results from non-adhesive
contact mechanics, involving large deformations of a com-
plex layered material.
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Appendix A: Contact stiffness
When a tangential stress act in a circular contact re-
gion (area A0 = pir
2
0) on the surface of an elastic half-
space, the contact region will displace relative to the
solid far away from the contact center by u(x). Here
x = (x, y) is the coordinate of a material point on the
(undeformed) surface of the elastic half-space. We as-
sume that the stress act along the x-direction and define
the average displacement
u =
1
A0
∫
A0
d2x ux(x) (A1)
Using the theory of elasticity
ux(x) =
1
2piG
∫
A0
d2x′ τ(x′)
(
1− ν
|x− x′| +
ν(x− x′)2
|x− x′|3
)
(A2)
If we assume that τ(x) = τ is constant one can show
from (A1) and (A2) that[9, 11, 14]
ku = Fx
where Fx = τA0, and where k = αrE
∗ where[9] α = (1−
ν)/(A+Bν) with (from numerical integration) A ≈ 0.54
and B ≈ −0.27. For ν = 0.5 Menga et al[11] showed that
α = pi2/8, and McMeeking et al[14] later obtained for
arbitrary ν the analytic result α = (3pi2/8)(1−ν)/(2−ν),
which is consistent with the numerical values for A and
B given above.
In a similar way one can calculate[11]
u¯x =
1
2pi
∫ 2pi
0
dφ ux(rcosφ, rsinφ)
and show that βrE∗u¯x = Fx with β = 4α/3.
If instead of a constant shear stress one assume a con-
stant displacement (which require a shear stress propor-
tional to [1− (r/r0)2]−1/2) one obtain[39] k′u = Fx with
k′ = α′rE∗ with α′ = 4(1−ν)/(2−ν) = (1−ν)/(A′+B′ν)
with A′ = 0.5 and B′ = −0.25, i.e., very close to the re-
sult when the shear stress is constant.
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